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Abstract
We study compactified brane solutions of type R4 ×K in the IIB matrix model, and
obtain explicitly the bosonic and fermionic fluctuation spectrum required to compute the
one-loop effective action. We verify that the one-loop contributions are UV finite for
R4 × T 2, and supersymmetric for R3 × S1. The higher Kaluza-Klein modes are shown to
have a gap in the presence of flux on T 2, and potential problems concerning stability are
discussed.
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1 Introduction — the IKKT or IIB model
In recent years matrix models, notably the IKKT model [1], have become increasingly promis-
ing candidates to describe quantum theories of matter and gravity. The model describes
dynamical branes, which support (non-commutative) gauge theory on their world-volume. By
considering solutions with compactified extra dimensions, the low-energy effective theory on
these branes can acquire non-trivial structure, and may become physically relevant [2], cf. [3].
Such solutions with geometry R4 ×K ⊂ R10 were found recently in [4], generalizing similar
solutions for the BFSS model [5]. In contrast to the well-known 10-dimensional compactifica-
tions [6], they have the advantage that the one-loop effective action (and presumably also for
higher loops) is finite. Since this is a very important point in favour of the present type of
solutions, we elaborate in this short note the basic ingredients for the one-loop computation.
Furthermore, gravity is expected to be an emergent force on such branes — for a general in-
troduction to the subject, the interested reader is referred to [7], and to [8, 9] for more specific
aspects in the present context.
In this paper, we follow up on our recent results on the one-loop effective action [10, 11]
on such branes, adapted to the present context. In particular, we consider compactified brane
solutions of type R3 × S1 and R4 × T 2 in the IKKT model, and elaborate some relevant
aspects of the one-loop quantum corrections for the present solutions. The point is that
although UV finiteness is a general consequence of the maximal supersymmetry of the matrix
model, the specific one-loop effective action does depend on the background, which may or
may not preserve some supersymmetry. It turns out that the simplest R2×S1 brane is indeed
supersymmetric, and the one-loop correction to the effective action vanishes identically. In
contrast, the R4×T 2 solutions turn out not to preserve any supersymmetry, and the one-loop
effective action is finite but non-trivial.
We start with a general discussion of the IKKT (or type IIB) matrix model and its prop-
erties in the context of emergent gravity, and explain how to compute the effective one-loop
action. The IKKT or IIB model [1] is defined by the following action
SIKKT = −(2pi)2Tr
(
[Xa, Xb][Xa, Xb] + 2Ψγa[X
a,Ψ]
)
, (1.1)
where Xa, a = 0, 1, 2, . . . , 9 are Hermitian matrices, Ψ is a matrix-valued Majorana-Weyl
spinor of SO(9, 1), and the γa form the corresponding Clifford algebra. The model is obtained
by dimensional reduction of the 10-dimensional SU(N) Super-Yang-Mills theory to a point,
and taking the N →∞ limit. Indices are raised and lowered using the fixed background metric
2
gab = ηab. This action is invariant under the following symmetries:
Xa → U−1XaU , Ψ→ U−1ΨU , U ∈ U(H) gauge invariance,
Xa → Λ(g)abXb , Ψα → p˜i(g)βαΨβ , g ∈ S˜O(9, 1) Lorentz symmetry,
Xa → Xa + ca1 , ca ∈ R translational symmetry,
(1.2)
where the tilde indicates the corresponding spin group, as well as the N = 2 matrix super-
symmetry [1]
δ(1) ψ =
i
2
[Xa, Xb]Γ
ab , δ(1) Xa = i¯Γaψ ,
δ
(2)
ξ ψ = ξ , δ
(2)
ξ Xa = 0 . (1.3)
Here matrices are identified with operators on a separable Hilbert space H, and U(H) denotes
the group of unitary operators resp. matrices on H.
Although an explicit proof to all orders is still missing, there are good reasons to believe that
this model is in fact UV finite on a 4-dimensional1 background [12]. Furthermore, numerical
evidence for the emergence of 3+1-dimensional space-time within the IKKT model has been
obtained recently in Ref. [13], providing further motivation to study the effective physics of
4-dimensional backgrounds. Additionally, it was shown in [2] how the particle spectrum of the
standard model may be correctly reproduced from that action by considering specific brane
solutions, hence showing how realistic physics may emerge from the IKKT model.
One-loop action
In order to introduce a common notation which works for all fields, let
(Σ
(ψ)
ab )
α
β =
i
4 [γa, γb]
α
β , fermions,
(Σ
(Y )
ab )
c
d = i(δ
c
agbd − δcbgad) , bosonic matrices,
Σ
(c)
ab = 0 , ghosts,
(1.4)
be the generators of SO(D) on the spinor and vector irreducible representations ([γa, γb] is
understood to be the irreducible chiral representation). The real part of the 1-loop contribution
for the IKKT model can then be written as [11] (cf. [1])
Γ := Γreal1−loop[X] = −
1
2
Tr
∞∫
0
dα
α
(
e−α(+Σ
(Y )
ab [Θ
ab,.]) − 1
2
e−α(+Σ
(ψ)
ab [Θ
ab,.]) − 2e−α
)
, (1.5)
which is manifestly SO(10) invariant. Here
 = [Xa, [Xa, .]] (1.6)
is the matrix Laplace operator. As pointed out before, there may be an additional imaginary
contribution to the action for some backgrounds, which can be interpreted as Wess-Zumino
term related to a global anomaly of the chiral SU(4) R-symmetry. An analogous formula
applies for the D-dimensional reduced model.
1This is expected to hold also in the presence of compactified extra dimensions, due to the non-commutativity
of the brane.
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As a first check, we note that Γ [X] vanishes in the free case (i.e. for an unperturbed R4θ
background with Θab ∼ 1H), provided the D − 2 effective degrees of freedom from (bosons −
ghosts) cancel with the fermions. This holds true in the D = 10 IKKT model for Majorana-
Weyl fermions.
The above formula (1.5) is valid for arbitrary backgrounds. It suggests the following
expansion:
Γ [X] := −1
2
Tr
∫ ∞
0
dα
α
(
e−α(+Σ
(Y )
ab [Θ
ab,.]) − 1
2
e−α(+Σ
(ψ)
ab [Θ
ab,.]) − 2e−α
)
=
1
2
Tr
(∑
n>0
(−1)n+1
n
(
(Σ
(Y )
ab 
−1[Θab, .])n − 1
2
(Σ
(ψ)
ab 
−1[Θab, .])n
))
=
1
2
Tr
(
− 1
4
(Σ
(Y )
ab 
−1[Θab, .])4 +
1
8
(Σ
(ψ)
ab 
−1[Θab, .])4 +O(−1[Θab, .])5
)
. (1.7)
Moreover, the SO(10) resp. SO(9, 1) symmetry is still manifest. These statements are inde-
pendent of any specific background, and reflect the maximal SUSY of the model. Therefore
the traces behave as
∫
d2np 1
p8
in the UV on 2n-dimensional backgrounds, which is convergent
for 2n < 8. In particular, the model is one-loop finite2 on 4-dimensional backgrounds.
2 Compactified brane solutions and split non-commutativity
There is an interesting class of solutionsM =M4×K with compactified (“spinning”) extra di-
mensions stabilized by angular momentum. These solutions exist only in the case of Minkowski
signature. At the semi-classical level, the basic feature is that the Poisson structure relates
the compact with the non-compact space, i.e.
{xµ, yi} 6= 0 , (2.1)
where xµ are coordinates on M4 and yi are coordinates on K. This will be indicated by the
name “split non-commutativity”. If K is 4-dimensional, then one might even have commutative
M4, so that {xµ, xν} = 0. A standard example is the canonical symplectic structure on the
cotangent bundle T ∗K. Such a structure is indispensable for solutions M4 ×K with compact
K, since there is no harmonic embedding of compact spaces. The effective signature on M4
can have Minkowski signature. Several examples of such solutions of the matrix model have
been given, including K = T 2, K = S1 × S3 and K = S2 × S2 [4]. Here we focus on solutions
with K = S1 and K = T 2.
2.1 The fuzzy cylinder
The fuzzy cylinder [5, 17, 18] S1×ξR is defined in terms of 3 Hermitian matrices which satisfy
[X1, X3] = iξX2, [X2, X3] = −iξX1,
(X1)2 + (X2)2 = R2, [X1, X2] = 0. (2.2)
2One-loop finiteness holds even on 6D backgrounds, but not for higher loops. This is consistent with well-
known results [14–16] for SYM theory.
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Defining U := X1 + iX2 and U † := X1 − iX2, this can be stated more transparently as
UU † = U †U = R2
[U,X3] = ξU , [U †, X3] = −ξU † . (2.3)
This algebra has the following irreducible representation
U |n〉 = R|n+ 1〉, U †|n〉 = R|n− 1〉
X3|n〉 = ξn|n〉, n ∈ Z, ξ ∈ R (2.4)
on a Hilbert space H, where |n〉 form an orthonormal basis.
We will always assume that the non-compact directions R4 are embedded along the 0, 1, 2, 3
directions. We focus on the two following solutions:
2.2 Rotating cylinder
Now consider a solution of type R3 × S1 ⊂ R5 with the embedding
XA =

X0
X1
X2
RU
 , with [Xµ, Xν ] = iθµν , [Xµ, U ] = −ξµU , (2.5)
where the embedding metric of R3 has Minkowski signature. Such operators can be easily
realized by combining a fuzzy cylinder with a Moyal-Weyl quantum plane R2θ, multiplying the
unitary operator with a suitable phase factor eip˜µX
µ
[4]. Functions are represented by3
f(U,X) =
∑
n
∫
d3p˜fn(p˜)e
ip˜µXµUn . (2.6)
We will need the following commutators:
[Xµ, eip˜XUn] = −(θµν p˜ν + nξµ)eip˜XUn ,
[U, eip˜XUn] =
(
eip˜µξ
µ − 1
)
eip˜XUn+1 ,
[U †, eip˜XUn] =
(
e−ip˜µξ
µ − 1
)
eip˜XUn−1 . (2.7)
We introduce a basis of wave functions as
|n, p〉 = eip˜µ(Xµ−ξµ/2)U−n ,
[U, .]|n, p〉 = (eip˜µξµ − 1)U |n, p〉 = 2 sin
( p˜µξµ
2
)
|n− 1, p〉 ,
[U †, .]|n, p〉 = −(e−ip˜µξµ − 1)U †|n, p〉 = 2 sin
( p˜µξµ
2
)
|n+ 1, p〉 . (2.8)
3Note that M = R3 × S1 is symplectic while R3 is not. Thus one can raise or lower indices by introducing
an effective metric Gµν on M following [7]. In this paper we short-cut these geometrical considerations, and
use a tilde to indicate that a momentum is in T ∗M rather than TM.
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Then the Laplacian of a general function becomes
|n, p〉 =
(
[RU †, [RU, .]] + [Xµ, [Xµ, .]]
)
|n, p〉
= λn,p|n, p〉,
λn,p = 4R
2 sin2
(
p˜µξ
µ
2
)
+ (p− nξ) · (p− nξ) ,
(p− nξ) · (p− nξ) = (pµ − nξµ)(pη − nξη)ηµη
pµ = θµν p˜ν . (2.9)
Now the on-shell condition U = 0 is solved if ξ · ξ = 0, and Xµ = 0 always, i.e. ξµ is
light-like w.r.t. ηµν . This leads to an important difference to the basic fuzzy cylinder: the
quadratic terms in n cancel, and
λn,p = 4R
2 sin2
(
p˜µξ
µ
2
)
+ p · p− 2np · ξ . (2.10)
For the higher Kaluza-Klein modes, this amounts to a dispersion relation where the origin in
momentum space is shifted.
Eigenvalues and one-loop computation.
To fix the conventions, let us embed S1 ⊂ R2 with coordinates y2, y3, hence
U = Y 2 + iY 3 (2.11)
and R2 with Minkowski signature and coordinates x0, x1. For simplicity we drop the x2
coordinate, assuming that ξ2 = 0. Furthermore, ξ0 = −ξ1 ensures ξ · ξ = 0. Hence
[U, (x0 − x1)] = ξU , [U, (x0 + x1)] = 0 , (2.12)
where ξ = ξ0 − ξ1.
Fermionic modes. Let us choose the 4-dimensional chiral representation of the Gamma
matrices:
Σψab =
i
4
[γa, γb] =
(
Σ
(+)
ab 0
0 Σ
(−)
ab
)
,
Σ
(ψ)
0i =
1
2i
(
σi 0
0 −σi
)
, Σ
(ψ)
ij =
1
2
ijk
(
σk 0
0 σk
)
. (2.13)
We will write γ± = 12 (γ1 ∓ iγ2), hence Σ
(ψ)
0,± =
i
8 [γ0, γ1∓ iγ2]. For both Σ
(Y )
ab and Σ
(ψ)
ab we have
Σ02Θ
02 + Σ03Θ
03 = Σ0+Θ
0+ + Σ0−Θ0− , (2.14)
hence
Σ
(ψ)
0± =
1
2 (Σ02 ∓ iΣ03) =
1
4i
(
(σ2 ∓ iσ3) 0
0 −(σ2 ∓ iσ3)
)
, (2.15)
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and similarly
Σ
(ψ)
1± =
1
2 (Σ12 ∓ iΣ13) =
1
4
(
(σ3 ± iσ2) 0
0 (σ3 ± iσ2)
)
= ± i
4
(
(σ2 ∓ iσ3) 0
0 (σ2 ∓ iσ3)
)
.
(2.16)
Now recalling that U = Y 2 + iY 3, we have
ΣψabΘ
ab = Σ
(ψ)
0±Θ
0± + Σ(ψ)1±Θ
1±
=
1
2
(Σ
(ψ)
0± − Σ(ψ)1± )(Θ0± −Θ1±) +
1
2
(Σ
(ψ)
0± + Σ
(ψ)
1± )(Θ
0± + Θ1±)
= −ξ
2
(Σ
(ψ)
0+ − Σ(ψ)1+ )RU +
ξ
2
(Σ
(ψ)
0− − Σ(ψ)1− )RU †
= −Rξ
2
1
2i
(
(σ2 − iσ3)U 0
0 −(σ2 + iσ3)U †
)
, (2.17)
since
iΘ+,+ = [X0 +X1, RU ] = 0 , iΘ−,+ = [X0 −X1, RU ] = −RξU ,
iΘ+,− = [X0 +X1, RU †] = 0 , iΘ−,− = [X0 −X1, RU †] = RξU † . (2.18)
To make things more transparent we use a non-standard representation of the σ matrices such
that
σ2 − iσ3 = 2
(
0 0
1 0
)
, σ2 + iσ3 = 2
(
0 1
0 0
)
,
ΣψabΘ
ab = i
Rξ
2

(
0 0
U 0
)
0
0 −
(
0 U †
0 0
)
 . (2.19)
We note that this matrix has a non-trivial kernel (with rank 2, one for each chirality), i.e.
there are 2 spinors  which satisfy
ΣψabΘ
ab = 0 . (2.20)
This means that the background is supersymmetric [1].
We can now evaluate the fermionic one-loop contribution. Using the following ansatz for
the spinor
ψn,p =

an+1|n+ 1, p〉
bn|n, p〉
cn|n, p〉
dn−1|n− 1, p〉
 , (2.21)
we obtain using (2.8)
λnMψ = (+ Σψab[Θ
ab, .])ψ = Mψψ
=

λn+1,p 0 0 0
iRξ sin( p˜ξ2 ) λn,p 0 0
0 0 λn,p −iRξ sin( p˜ξ2 )
0 0 0 λn−1,p
ψ . (2.22)
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Therefore
0 =

λn+1,p − λn 0 0 0
i
2ξαp λn,p − λn 0 0
0 0 λn,p − λn − i2ξαp
0 0 0 λn−1,p − λn
ψ , (2.23)
where
αp = 2R sin(
p˜µξ
µ
2
), λn,p = α
2
p + p · p− 2nξ · p . (2.24)
The vanishing determinant condition yields
(λn,p − λ)2(λn+1,p − λ)(λn−1,p − λ) = 0 , (2.25)
so that the eigenvalues are given by
λ1 = λ2 = α
2
p + p · p− 2nξ · p ,
λ3,4 = α
2
p + p · p− 2(n± 1) (ξ · p) . (2.26)
This coincides with the eigenvalues of the bosonic sector, as we will show next.
Bosonic representation. To evaluate the bosonic one-loop contribution, we note that
+ Σ(Y )ab [Θ
ab, .] = U−1MY U , U =

1 0 0 0
0 1 0 0
0 0 1/
√
2 i/
√
2
0 0 −i/√2 −1/√2
 , (2.27)
where
MY =

 0 −√2ξ0R [U †, .]
√
2iξ0R [U, .]
0  −√2ξ1R [U †, .]
√
2iξ1R [U, .]√
2ξ0R [U, .] −
√
2ξ1R [U, .]  0√
2iξ0R [U
†, .] −√2iξ1R [U †, .] 0 
 . (2.28)
The eigenvalues of MY are obtained from
λn,p − λ 0 −
√
2ξ0αp
√
2iξ0αp
0 λn,p − λ −
√
2ξ1αp
√
2iξ1αp√
2ξ0αp −
√
2ξ1αp λn−1,p − λ 0√
2iξ0αp −
√
2iξ1αp 0 λn+1,p − λ


an
an
bn−1
cn+1
 = 0 . (2.29)
It follows with ξ · ξ = 0 = ξ20 − ξ21 that
(λn,p − λ)2(λn+1,p − λ)(λn−1,p − λ) = 0 , (2.30)
where
λn,p = α
2
p + (p− nξ) · (p− nξ) = α2p + p · p− 2nξ · p . (2.31)
This coincides with the eigenvalues in the fermionic sector (2.25), consistent with supersym-
metry (2.20). Since the eigenvalues for the bosonic and fermionic modes coincide (and also
with the ghosts where λ = λn,p), the one-loop effective action on such a background simply
vanishes. This reflects the supersymmetry of the rotating cylinder solution considered here.
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2.3 Rotating torus
In order to have a 3+1-dimensional non-compact geometry, we now consider a solution with
geometry R4 × T 2 ⊂ R10, embedded as
XA =
 XµR1U1
R2U2
 , (2.32)
and algebra
[Xµ, Xν ] = iθµν , [Xµ, Ui] = −ξµi Ui, [U1, U2] = 0 . (2.33)
This can be realized using two commuting fuzzy cylinders (U1, X
1) and (U2, X
2), twisted with
a two-dimensional non-commutative plane wave [Xµ, Xν ] = iθµν , µ = 0, 3 (which commutes
with the cylinders). Alternatively, one can also start with a fuzzy torus U1U2 = qU2U1,
suitably twisted with 4-dimensional non-commutative plane waves. This provides solutions
of the matrix model for suitable ξµi , provided the embedding metric of R
4 has Minkowski
signature. Generalizing the previous case, a convenient basis of wave functions is given by
|n1, n2, p〉 = eip˜µ(Xµ−ξ
µ
1 /2−ξµ2 /2)U−n11 U
−n2
2 ,
[U1, .]|n1, n2, p〉 = 2 sin( p˜µξ
µ
2
)|n1 − 1, n2, p〉 , (2.34)
etc. The Laplacian acting on this basis is obtained as
|n1, n2, p〉 =
(
[R1U1
†, [R1U1, .]] + [R2U2†, [R2U2, .]] + [Xµ, [Xµ, .]]
)
|n, p〉
=
(
α21 + α
2
2 + (p− n1ξ1 − n2ξ2) · (p− n1ξ1 − n2ξ2)
)
|n, p〉
= λn1,n2 |n1, n2, p〉
αi = 2Ri sin(
p˜µξ
µ
i
2
) . (2.35)
The on-shell condition Ui = 0 is solved if ξi · ξi = 0, while Xµ = 0 holds identically.
Assuming this on-shell condition, the eigenvalues are
λn1,n2 = α
2
1 + α
2
2 + p · p− 2n1ξ1 · p− 2n2ξ2 · p+ 2n1n2ξ1 · ξ2 . (2.36)
Now we are ready to approach the one-loop computation.
Bosonic modes. Generalizing the previous case, we note that
+ Σ(Y )ab [Θ
ab, .] = U−1MY U , U =

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1√
2
i√
2
0 0
0 0 0 − i√
2
− 1√
2
0 0
0 0 0 0 0 1√
2
i√
2
0 0 0 0 0 − i√
2
− 1√
2

,
9
MY =
√
2R

√
2R
0 0 −ξ01Uˆ †1 iUˆ1ξ01 −ξ02Uˆ †2 iUˆ2ξ02
0 √
2R
0 −ξ11Uˆ †1 iUˆ1ξ11 −ξ12Uˆ †2 iUˆ2ξ12
0 0 √
2R
−ξ21Uˆ †1 iUˆ1ξ21 −ξ22Uˆ †2 iUˆ2ξ22
Uˆ1ξ
0
1 −Uˆ1ξ11 −Uˆ1ξ21 √2R 0 0 0
iξ01Uˆ
†
1 −iUˆ †1ξ11 −iUˆ †1ξ21 0 √2R 0 0
ξ02Uˆ2 −ξ12Uˆ2 −ξ22Uˆ2 0 0 √2R 0
iUˆ †2ξ
0
2 −iUˆ †2ξ12 −iUˆ †2ξ22 0 0 0 √2R

, (2.37)
where Uˆi := [Ui, .]. To simplify the analysis, we choose ξ
1
2 = ξ
2
1 = 0, ξ
0
1 = ξ
1
1 and ξ
0
2 = ξ
2
2 which
allows to satisfy the on-shell condition. We then find
λ′n1,n2√
2
0 0 −α1ξ11 iα1ξ11 −α2ξ22 iα2ξ22
0
λ′n1,n2√
2
0 −α1ξ11 iα1ξ11 0 0
0 0
λ′n1,n2√
2
0 0 −α2ξ22 iα2ξ22
α1ξ
1
1 −α1ξ11 0
λ′n1−1,n2√
2
0 0 0
iα1ξ
1
1 −iα1ξ11 0 0
λ′n1+1,n2√
2
0 0
α2ξ
2
2 0 −α2ξ22 0 0
λ′n1,n2−1√
2
0
iα2ξ
2
2 0 −iα2ξ22 0 0 0
λ′n1,n2+1√
2


an1,n2
an1,n2
an1,n2
b1n1−1,n2
c1n1+1,n2
b2n1,n2−1
c2n1,n2+1

= 0 , (2.38)
where
λ′n1,n2 = λn1,n2 − λ . (2.39)
It follows that the product of eigenvalues of MY is given by∏
i
λi = λ
3
n1,n2
(
λn1−1,n2λn1,n2−1λn1,n2+1λn1+1,n2 −
(
4α1α2ξ
1
1ξ
2
2
)2)
. (2.40)
Fermionic representation. The computations of the fermionic part can be greatly simpli-
fied by choosing a convenient representation for the Gamma matrices. In the rotating cylinder
case the chiral representation was such a convenient choice. Now we try to find a suitable
generalization to the present higher dimensional situation. As a starting point we use the
Pauli matrices
σ0 :=
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
,
σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (2.41)
and the 4-dimensional Gamma matrices in the chiral representation, but renamed in the fol-
lowing way:
γ0 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 , γ2 =

0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0
 ,
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γ3 =

0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0
 , γ1 =

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0
 ,
γ5 = −iγ0γ1γ2γ3 . (2.42)
Then a convenient representation for the 10-dimensional Clifford algebra can be constructed
as4
Γ0 = γ0 ⊗ 18 , Γ1 = γ1 ⊗ 18 , Γ2 = γ5 ⊗ (σ3 ⊗ γ1) ,
Γ3 = γ2 ⊗ 18 , Γ4 = γ3 ⊗ 18 , Γ5 = γ5 ⊗ (σ3 ⊗ γ2) ,
Γ6 = γ5 ⊗ (σ3 ⊗ γ3) , Γ7 = γ5 ⊗ (σ3 ⊗ iγ0) , Γ8 = γ5 ⊗ (σ1 ⊗ i14) ,
Γ9 = γ5 ⊗ (σ2 ⊗ i14) . (2.43)
We then find an operator 132 +Σ(ψ)ab [Θab, .] where Ui, U
†
j entries decouple once more enabling
us to compute its eigenvalues. The explicit entries of this 32× 32 matrix are easily computed,
some of them reading:
132 + Σ(ψ)ab [Θ
ab, .] =
R


R ξ
2
2 [U2, .] 0 0 0 0 0 0 2ξ
1
1 [U1, .] 0 . . .
ξ22 [U
†
2 , .]

R 0 0 0 0 0 0 0 2ξ
1
1 [U1, .] . . .
0 0 R ξ
2
2 [U2, .] 0 0 0 0 0 0 . . .
0 0 ξ22 [U
†
2 , .]

R 0 0 0 0 0 0 . . .
...
...
...
...
...
...
...
...
...
...
. . .
 .
(2.44)
Using a similar ansatz as before, it is then possible to compute the product of the fermionic
eigenvalues, which do not match with the bosonic (and ghost) contributions. In particular,
this means that this solution is not supersymmetric. Although it is possible to proceed with
the computation of the one-loop determinant, we refrain from pursuing this rather messy
computation because it is not very illuminating.
Non-vanishing flux.
Finally, it is straightforward to generalize the above solution R4 × T 2 (2.32) such that the
torus has a flux, i.e.
U1U2 = qU2U1, q = e
iθ . (2.45)
Then the eigenvalues of the matrix Laplacian (2.35) acquire additional terms,
|n1, n2, p〉 =
(
α21 + α
2
2 + (p− n1ξ1 − n2ξ2) · (p− n1ξ1 − n2ξ2)
)
|n, p〉
= λn1,n2 |n1, n2, p〉 ,
α1 = 2R1 sin
(1
2
(n2θ − p˜µξµ1 )
)
, α2 = 2R2 sin
(1
2
(n1θ + p˜µξ
µ
2 )
)
, (2.46)
4In fact we will only need Γ0, . . . ,Γ6 for the computations ahead.
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i.e. α1,2 have changed compared to (2.35). The on-shell condition Ui = 0 now implies
ξi · ξi = −4 (ijRj)2 sin2(θ/2) , (2.47)
which can be solved due to the Minkowski signature on R4. This typically leads to massive
Kaluza-Klein modes, for sufficiently large flux θ on T 2. To see this, we solve the on-shell
condition |n1, n2, p〉 = 0 for the KK modes, which for ηµν = diag(−1, 1, 1, 1) gives
(p0 − n1ξ01 − n2ξ02)2 = δij(p− n1ξ1 − n2ξ2)i(p− n1ξ1 − n2ξ2)j + α21 + α22 . (2.48)
Consider the simplest solution with ξµi = (ξ
0
i , 0, 0, 0), so that (ξ
0
i )
2 ≈ (ijRj)2θ2. Then the
time-like component p0 does not get any contribution from the arguments p˜µξ
µ
i = p
µθ−1µν ξν in
αi (assuming that θ
µν is non-degenerate on R4), and the above on-shell relation becomes
(p0 − n1ξ01 − n2ξ02)2 ∼ gij(pi −Ai)(pj −Aj) +m2 (2.49)
for some effective 3-metric gij and 3-vector A
i. Here the effective mass m2 is manifestly positive
since all terms on the rhs of (2.48) are positive (note that the mass shell might be deformed).
Therefore there is an energy gap m2 > 0, albeit the effective mass shells for the non-trivial KK
-6
-4
-2
0
2
4
6
8
10
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
p
0
(R
=
2,
θ 0
1
=
1,
n
2
=
0,
p
2
=
p
3
=
0)
p1
p0,− for n1 = 0
p0,− for n1 = 1
p0,− for n1 = 2
p0,+ for n1 = 0
p0,+ for n1 = 1
p0,+ for n1 = 2
Figure 1: Energy levels, with flux
modes are typically shifted in 4-momentum space. Similar band structures are familiar from
solid state physics. In particular, this suggests that the system can be quantized consistently,
and the one-loop corrections should then be UV finite as discussed above. On the other hand,
due to the shifts in momentum space at least one positive energy branch intersects the negative
energy branch of another KK mode, see Fig. 1. Specifically, this happens for the ni = (0, 1) and
12
the ni = (1, 0) mode
5, which are on-shell for pµ = 0 since Ui = 0 by construction. However,
these modes have distinct quantum numbers ni which are conserved by the interactions, so
that such an intersection of mass shells does not necessarily imply an instability. Moreover,
the above solution might get deformed into more stable solutions upon taking the interactions
into account.
In any case, it appears likely that a stable, non-trivial solution can be found due to the
non-trivial flux on T 2, however more work is required to settle this issue. It should also be
pointed out that in the presence of flux, the torus can be realized in terms of a fuzzy torus
T 2N , leading to a truncation of the KK modes; this case is also studied in [19].
For the solutions without flux, the stability analysis is more complicated because the
arguments of αi necessarily contain p
0. Although preliminary investigations suggest that this
case also leads to a positive mass gap, a more detailed investigation is required which is left
for future work.
3 Conclusion and Outlook
In this work we have studied some compactified brane solutions of type R2 × S1 and R4 × T 2
in the IKKT model, the latter with as well as without flux on T 2. We determined the full
spectrum of bosonic and fermionic modes on such a background, as required for the 1-loop
quantization. The one-loop effective action is manifestly UV finite on branes dimM≤ 8, due
to the maximal supersymmetry of the IKKT model. Although a general criterion is known
[1], in practice it is not easy to decide for which types of compactifications preserve or break
supersymmetry. We found that the geometry R2 × S1 leads to a supersymmetric spectrum,
while the R4 × T 2 does not, leading to a complicated spectrum of bosonic and fermionic
Kaluza-Klein (KK) modes. The higher KK modes are typically shifted in 4-momentum space
due to the rotation of T 2, leading to a complicated pattern of KK modes which prevents an
explicit evaluation of the one-loop effective action. We also verified that the KK modes have
a positive or vanishing mass gap. However, certain different KK modes have an intersecting
mass shell due to a shift in momentum space, which may or may not indicate an instability.
To settle the issue of stability in the presence of interactions requires further work.
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